Abstract. In this article, we construct an Euler system using CM cycles on Kuga-Sato varieties over Shimura curves and show a relation with the central values of Rankin-Selberg L-functions for elliptic modular forms and ring class characters of an imaginary quadratic field. As an application, we prove that the non-vanishing of the central values of Rankin-Selberg L-functions implies the finiteness of Selmer groups associated to the corresponding Galois representation of modular forms under some assumptions.
Introduction
Let be a prime and fix an embedding ι : Q → C , where C = Q . Let N be a positive integer and k an even positive integer. Let f = ∞ n=1 a n (f )e 2πinz ∈ S k (Γ 0 (N )) be a normalized cuspidal eigenform. Denote E = Q ({a n (f )} n ) for the Hecke field of f over Q and fix a uniformizer λ of the ring of integers O of E. Denote the residue field of E by F. Let
be the Galois representation associated to f . We put ρ * f = ρ f ⊗ E(
2−k
2 ) and denote V f for the representation space of ρ * f . Fix a Gal(Q/Q)-stable O-lattice T f and set A f = V f /T f . Let L be an abelian extension of Q and χ a character of the Galois group Gal(L/Q). By the Bloch-Kato conjecture [5] , it is expected that the central value of the L-function of f twisted by the character χ is related to the order of the χ-part of the Selmer group Sel(L, A f ). Kato [20] proved that the non-vanishing of the central value L(f, χ, k/2) implies the finiteness of the χ-part of the Selmer group Sel(L, A f ). Moreover, Kato showed a refined results for the upper bound of the size of Selmer group in terms of the special values of L-functions using the Euler system of Beilinson-Kato elements in K 2 of modular curves. For an elliptic curve E over Q and an imaginary quadratic filed K, similar results in the anticyclotomic setting are considered by Bertolini-Darmon [3] and Longo-Vigni [22] using the Euler system constructed by CM points on Shimura curves. These results were generalized to modular abelian varieties over totally real fields by Longo [21] and Nekovář [26] . In this paper, we will consider the generalization of these result for the central values of L-function associated to higher weight modular forms twisted by ring class character over an imaginary quadratic field K,
We fix an imaginary quadratic field K of discriminant D K < 0 satisfying (N, D K ) = 1 and denote the integer ring of K by O K . Then K determines a factorization N = N + N − , where N + is divisible only by primes which splits in K and N − is divisible only by primes are inert in K. Assume that (ST) N − is a square-free product of an odd number of inert primes.
Fix an integer m such that (N D K , m) = 1 and let K m be the ring class field of conductor m. Let χ be a character of the Galois group G m = Gal(K m /K). We consider the following condition.
Hypothesis (CR + ) .
(1) > k + 1 and #(F × ) k−1 > 5, ( 2) The restriction of the residual Galois representationρ f of ρ f to the absolute Galois group of Q( (−1)
) is absolutely irreducible, (3)ρ f is ramified at q if either (i) q | N − and q 2 ≡ 1 (mod ) or (ii) q||N + and q ≡ 1 (mod ), (4)ρ f restricted to the inertia group of Q q is irreducible if q 2 | N and q ≡ −1 (mod ).
Our main result is the following theorem. Theorem 1.1. Let χ be a ring class character of conductor m. Suppose that f is a cuspidal Hecke eigen newform. Assume the following conditions:
(
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Theta elements and the special value formula
In this section, we recall the construction of the theta element and the relation with central values of anticyclotomic L-functions for modular forms following [8, Section 2, 3 and 4] .
Fix an embedding ι ∞ : Q → C and an isomorphism ι : C ∼ → C p for each rational prime p, where C p is the p-adic completion of an algebraic closure of Q p . Let Z := lim ← − Z/mZ be the finite completion of Z. For Z-algebra A, we denote A ⊗ Z Z by A.
Let K be an imaginary quadratic field with the discriminant −D K < 0 and let δ = √ −D K . Denote z →z for the complex conjugate on K. Define θ by
Fix positive integers N + that are only divisible by prime split in K and N − that are only divisible by primes inert in K. We assume that N − is the square-free product of an odd number of primes. Let B be the definite quaternion over Q which is ramified at the prime factors of N − and the archimedean place. We can regard K as a subalgebra of B. Write T and N for the reduced trace and norm of B respectively. Let G = B × be the algebraic group over Q and let Z = Q × be the center of G. Let N − be a rational prime. Let m be a positive integer such that (m, N + N − ) = 1. We choose a basis of B = K ⊕ K · J over K such that
• J 2 = β ∈ Q × with β < 0 and Jt = tJ for all t ∈ K.
• β ∈ (Z × q ) 2 for all q | N + and β ∈ Z × q for q|D K . Fix a square root √ β ∈ Q of β. We fix an isomorphism
) as follows. For each finite place q|m N + , the isomorphism i q :
For each finite place q N + N − m, choose the isomorphism i q :
From now on, we shall identify B q and G(Q q ) with M 2 (Q q ) and GL 2 (Q q ) via i q for finite q N − . Finally, we define
and let i C : B → M 2 (C) be the composition i C = ι ∞ • i K . Fix a decomposition N + O K = N + N + once and for all. For each finite place q, we define ς q ∈ G(Q q ) as follows:
1 q −n 0 1 if q|m and q splits in K (n = ord q (m)).
of points is called Gross points of conductor m associated to K. Let O K,m = Z + mO K be the order of K of conductor m. For each positive integer M prime to N − , we denote by R M the Eichler order of level M with respect to the isomorphisms {i q : B q M 2 (Q q )} q N − . Then one can see that the inclusion map K → B is an optimal embedding of O m into the Eichler order
Let k ≥ 2 be an even integer. For a ring A, we denote by L k (A) = Sym k−2 (A 2 ) the set of homogeneous polynomials of degree k − 2 with coefficients in A. We write
For P, P ∈ L k (A), this pairing satisfies
Via the embedding i C , we obtain a representation
Then C · v r is the eigenspace on which ρ k,∞ (t) acts by (t/t) r for t ∈ (K ⊗ Q C) × . If A is a K-algebra and
is an open compact subgroup, we denote by S B k (U, A) be the space of modular forms of weight k defined over A, consisting of functions f :
Then the map v⊗f → Ψ(v⊗f ) gives rise to
where 1 is the trivial character.
Let π be an unitary cuspidal automorphic representation on GL 2 (A) with trivial central character and π the unitary irreducible cuspidal automorphic representation on G(A) with trivial central character attached to π via Jacquet-Langlands correspondence. Let π fin denote the finite constituent of π . Let R := R N + be an Eichler order of level N + . The multiplicity one theorem together with our assumptions imply that π fin can be realized as a unique
Define the local Atkin-Lehner element
. Let Cl(R) be a set of representatives of
Define the inner product of f π by
Let N − be a rational prime. We recall the description of -adic modular forms on B × . Let A be a O K l -algebra. For an open compact subgroup U ⊂ R × , we define the space of -adic modular forms of weight k and level U by
Also we write S
. Let λ and l be the primes of Q and K induced by ι respectively.
By definition, ρ k, is compatible with ρ k,∞ in the sense that ρ k, (g) = ρ k,∞ (g) for every g ∈ B × , and one can check that
Here i : B M 2 (Q ) is the fixed isomorphism. If is invertible in A, there is an isomorphism:
Let Q(f ) be the finite extension of Q generated by Fourier coefficients of the newform f = f π ∈ S new k (Γ 0 (N )). Let O ⊂ C be the completion of the ring of integers of Q(f ) with respect to
This is equivalent to the following condition: 
It is easy to see that the function
factors through G m , so we can extend ϕ π linearly to be a function ϕ π :
be the distinguished Gross point of conductor m. We put
We define the theta element Θ(
Then we have the following special value formula.
Proposition 2.1. Let χ be a character of G m . Then we have
where
Proof. This formula is a special case of Hung's result [14] . Also see [8, Proposition 4.3] for the unramified case.
3. Selmer groups for modular forms 3.1. Definition of Selmer groups. First we recall the definition of Selmer groups following Bloch-Kato [5] . Let f be a cuspidal Hecke eigenform of weight k with respect to Γ 0 (N ). Let Q(f ) denote the Hecke field generated by eigenvalues {a q (f )} of Hecke operators {T q }. Let λ be the prime of Q(f ) above the prime induced by the fixed embedding ι . Denote E = Q(f ) λ . Also we denote the integer ring of E by O and the uniformizer by λ and write O n = O/λ n O. Then there exist a 2-dimensional Galois representation
For a finite extension F/Q p , Bloch-Kato [5] defined the finite part of Galois cohomology groups by
where B cris is the p-adic period ring defined by Fontaine and F ur is the maximal unramified extension of F . Also we denote
For a number field F , we define the λ-part of the Selmer group of f by
.
We also define
Then there exists a Galois equivariant bilinear pairing T f × T f → O(1) such that the induced pairings on T f,n ∼ = A f,n are non-degenerate for all n. 
for each place v of F . The local Tate pairing is perfect and satisfies the following properties.
where the sum is over all places v of F but is a finite sum.
Moreover we define the singular part of local cohomology group H 1 sing (F v , T f,n ) to be the quotient
If v does not divide N , then we have
are the Pontryagin dual of each other. For each prime q and G Q -module M , we denote
Lemma 3.3. Let q be a prime which splits in K. Then H 1 sing (K m,q , T f,n ) = 0 for sufficiently large m. Proof. This lemma follows from the same argument of Proof of [3, Lemma 2.4].
3.2.
Euler system argument. Here we give a generalization of the Euler system argument introduced by Bertolini-Darmon [3] to the case of higher weight modular forms.
In particular, the χ-part of these groups are both isomorphic to O n .
Define the map ∂ p to be the composition of the maps
denote the natural image of κ under the restriction map ∂ p . Theorem 3.6 ([9], Theorem 6.3). Let s ∈ H 1 (K m , A f,n ) be a non-zero element. Then there exist infinitely many n-admissible primes p such that ∂ p (s) = 0 and v p (s) = 0. Definition 3.7. For a prime p, we define the compactified Selmer group
Theorem 3.8. Let t be a positive integer. Suppose that for all but a finite number of n-admissible primes p there exist an element
Assume that there exist an element s in Sel(K m , A f,n+t ) χ satisfying λ n s = 0. By Theorem 3.6 and the assumption, we can take a n + t-admissible prime p such that v p (λ n s) = 0 and ∂ p (λ n s) = 0. By the properties of the local Tate pairing, we have
Therefore λ t−1 ∂ p (κ p ), res p (λ n s) q = 0 by Proposition 3.1 (2) . Since the local Tate pairing is perfect, the assumption λ t−1 ∂ p (κ p ) = 0 implies v p (λ n s) = 0. This gives a contradiction.
Review of vanishing cycles
In this section, we recall the theory of vanishing cycles following the exposition in Rajaei [29] .
4.1. Vanishing cycles. Let R be a characteristic 0 henselian discrete valuation ring with residue field k of characteristic p. Fix a uniformizer in R. Denote the fraction field by K and the maximal unramified extension of K by K ur . Let X → S = Spec R be a proper and generically smooth curve and F a constructible torsion sheaf on X whose torsion is prime to p.
be the canonical maps. By the proper base change theorem and the Leray spectral sequence for j, we have
Then the adjunction morphism gives φ : i * F → i * Rj * j * F . We define the vanishing cycles by RΦF := Cone(φ), and the nearby cycles by RΨF := i * Rj * j * F .
Then we have a distinguished triangle
For i > 0, we have R i ΦF = R i ΨF . Let Σ be the set of singular points of X k . Assume that a neighbourhood of each singular point x is (locally) isomorphic to the subscheme of A 2 S = S[t 1 , t 2 ] with the equation t 1 t 2 = a x (denote e x := v(a x ) > 0). When the special fiber X k is reduced, Deligne [10] proved the sheaves R i ΦF vanish for i = 1 and R 1 ΦF is supported at Σ, and the specialization map
Then we define the character group for the sheaf F on X by
For x ∈ Σ, let (X k ) x be the henselization of X k at x and B x the set of two branches of X k at x (i.e. the irreducible components of (X k ) x ). For x ∈ Σ, we define the module Z(x) and Z (x) by
Choose an ordering for B x for each x ∈ Σ and define a base of Z (x) by δ x := (1, −1). Denote the dual basis by δ x ∈ Z(x). We denote Λ = Z . For x ∈ Σ, one has H i x (X k , RΨΛ) = 0 for i = 1, 2 and the trace map gives an isomorphism
This pairing gives the cospecialization map
where X k → X k is the normalization map.
4.2.
Monodromy pairing and monodromy logarithm. Let be a prime different from p and let I be the inertia group. We consider the map t : I → Z (1) which is defined by σ → σ( 1/ )/ 1/ , where is the uniformizer of R. For σ ∈ I and x ∈ Σ, we define the variation map
by a → −e x t (σ)(aδ x )δ x , and define the monodromy logarithm
by N x (t (σ)a) = Var(σ) x (a) for a ∈ (R 1 ΦΛ) x and σ ∈ I. Then we have a commutative diagram
where the right vertical map φ x is given by δ x → −e x δ x . Moreover we define the map N by the following diagram:
Then we have an explicit description of the monodromy operator N .
Theorem 4.1 (Picard-Lefschetz formula [11] ). Under the notation as above, we have the following formula:
Let B be the set of irreducible components of X k . Define the modules X and X by the exact sequences
Then the monodromy pairing
and
Therefore we obtain the diagram
Note that the cokernel of u * is the group of connected components. Let F be a locally constant Z -sheaf on X. The cospecialization exact sequence is
Now we define the cocharacter group by
. These maps gives a generalization of monodromy pairing λ : X(F ) → X(F ) by composition of the maps
Then the monodromy operator N is described by the Picard-Lefschetz formula:
We define the component group by Φ(F ) := Coker λ : X(F ) → X(F ) .
Shimura curves and CM points
Let M be a positive integer and M = M + M − a integer decomposition of M such that M − > 1 is a squarefree product of an even number of primes and (M + , M − ) = 1. Let B be the indefinite quaternion algebra over Q with discriminant M − . Fix a prime p dividing M − . Let B be the definite quaternion algebra over Q with discriminant M − /p. We fix a Q-embedding t : K → B and an isomorphism ϕ B,B : B (p) ∼ = B (p) . Also we fix an Eichler order R M + of level M + in B. We have a natural Galois covering ψ :
, where
obtained by forgetting the level d-structure. We set
The complex uniformization of the Shimura curve X = X M + ,M − d is given by
For a prime q dividing M + , we can consider a model of X = X M + ,M − ,d over Z q using a variant of the moduli functor F M + ,M − ,d . The resulting canonical model X Zq is a nodal model, that is, (1) X Zq is proper and flat over Z q , and its generic fiber is X, (2) the irreducible components of the special fiber X Fq are smooth, and the only singularities of X Fq are ordinary double points.
For the prime p which divides M − , one may define a model X Zp of X over Z p via moduli scheme. The model X Zp is a nodal model. Moreover, the irreducible components of X Fp are rational curves.
5.2. p-adic uniformization of Shimura curves. Let H p be the Drinfeld's p-adic upper half plane. Then
. Let H p be a formal model of H p and there is a natural action of B × on H p via ι p . Fix a nodal model X Zp . Write X for the formal completion of X Zp along its special fiber. Then X is canonically identified with
where the action of b ∈ B × on Z ur p is given by Frob
. Let X an be the rigid analytification of X ⊗ Q p , then X an is identified with
5.3.
Bad reduction of Shimura curves. Fix a quadratic unramified extension Q p 2 of Q p . We denote the ring of integer of Q p 2 by Z p 2 and the residue field by F p 2 .For p|M − , the dual graph G p (X) of the special fiber of X Z p 2 is defined to be the finite graph determined by the following properties.
(1) The set of vertices V(G p ) is the set of irreducible components of special fiber X F p 2 .
(2) The set of edges E(G p ) is the set of singular points of X F p 2 . (3) Two vertices v and v are joined by an edge if v and v intersect at the singular point e.
Then the dual graph G p (X) is identified with T p /Γ, where
) is the Bruhat-Tits tree for PGL 2 (Q p ), and the p-adic uniformization of X Zp induces the following identifications:
(1) The set E(G p ) is identified with the double coset space
5.4. CM points on Shimura curves. Let z be a point in C \ R fixed by ι ∞ (K × ) ⊂ GL 2 (R). We define the set of CM points unramified at p on the Shimura curve X by
Let rec K : K × → Gal(K ab /K) be the geometrically normalized reciprocity map. Then by Shimura's reciprocity law, we have
Hence one has ι p : CM 
) be the set of singular points of the special fiber of
We fix a prime q dividing M − such that q = p. Let T be the Hecke algebra acting on the character group X p (M + , M − , d). Let T be the Hecke algebra acting on X q (M + pq, M − /pq, d). Let T be the Hecke algebra acting on X q (M + q, M − /pq, d) 2 and let T be the polynomial ring with Z-coefficient generated by indeterminates T v for v M d and U v for v|M d.
Proposition 5.1. Let m be a non-Eisenstein maximal ideal.
(1) (Ribet's exact sequence) There is a Hecke equivariant exact sequences
Proof. These results are explained in Rajaei [29, Section 3.2].
The Hecke algebra T is isomorphic to the Hecke algebra acting on S B k (U d , O) the space of quaternionic modular forms on B of level U d . The Hecke algebra T is isomorphic to the Hecke algebra acting on S B k (U d , O). Also the Hecke algebra T is isomorphic to the Hecke algebra acting on the space of quaternionic modular forms on B of level U d which are old at p.
Lemma 5.2. There is a canonical map
where sp(1) :
is the specialization map.
Proof. For c ∈ Ker (sp(1)), let c be a lift of c by the map
Then the monodromy pairing induces the map
Also we have a natural surjective map
Moreover one can see that the image of c in the component group does not depend on the choice of lift of c. Then we define ω p (c) by the natural image of c.
Proposition 5.3. Let m be a non-Eisenstein maximal ideal. Then the map ω p induces a T-equivariant isomorphism
be the monodromy pairings, hence the cokernel is Φ q × Φ q and Φ q , where
be the map as in the second exact sequence of Proposition 6.5 (1) and
) the map obtained by the first exact sequence of Proposition 6.5 (1) .Then the cokernel of δ ∨ * is Φ p = Φ p (M + , M − ). Let
be the composition of the map λ q with ξ : X q × X q → X q as in the first exact sequence of Proposition 6.5 (1). Moreover we define the map σ :
One obtains a commutative diagram
In fact Φ q = Φ q = 0. A direct calculation shows that the composition of the morphism
of X q × X q with σ gives the action of (U p ) 2 − p k−2 . By the snake lemma, we have the isomorphism
5.6.
Integral Hodge theory following Jordan-Livné. In this section, we give a different description of the component groups following Jordan-Livné [19] . Let X Zp be the integral model of the Shimura curve X M + ,M − ,d over Z p discussed in the beginning of Section 6. Let X s be the special fiber of X ur Zp = X Zp ⊗ Z ur p and X η the generic fiber. Define
where G p = G p (X) is the dual graph of the special fiber of X Zp and I is the set of irreducible components of X s . We fix an orientation of G p , that is, a pair of maps s, t : E(G p ) → V(G p ) such that s(e) and t(e) are the end of the edge e. Consider the map
, r * F )(1) (where r * : X s → X s is the normalization map). Note that r * F is a constant sheaf on t(x) ∪ s(x). Then we define the cohomology H i (G p , F ) by the exact sequence
On the other hand, we consider the map
Hence we have 0 = δd and 1 = dδ. A cochain c is called harmonic if i c = 0. Let H i be the O-module of all harmonic cochains.
Remark 5.5. The definition of Φ is different from the notation used in Jordan-Livné [19] . The definition of Φ corresponds to the Grothendieck's description of component group and the definition of Φ corresponds to the Raynaud's description of component group.
Lemma 5.6 ([19], Proposition 2.14).
There are canonical identifications
In particular, the map ω p is surjective.
Now for each irreducible component Y we fix a non-singular point P Y on Y . Letx be a closed point of X η such that x =x mod p is not a singular point. We may assume that x = P Y for some irreducible component Y . Denote
Lemma 5.7. There exists a natural map
Proof. Let z be the Z ur p -valued point of X determined byx. Let j :x → z, i : x → z and ix :x → X η be canonical maps. Also define i x and i z similarly. Then by definition one has
and this is isomorphic to H 2 (x, i * Rj * Ri !x j * F ). It is known that the last cohomology is isomorphic to [13, Proposition 8.4.9] ). Therefore using adjunction morphism we have a natural map
We define the reduction map red p :
where the first map is obtained by the above lemma and the second map is the inverse of the specialization map sp(1)
x (X s , RΨF )(1) (since x is a smooth point, sp (1) x is an isomorphism). Then the image of the reduction map is contained in the kernel of the specialization map
Using the identification of component groups, we define the map
by the composition of the maps
Combining these facts, we have the following proposition. c) ). 5.7. Level raising. Let N be a positive integer and N = N + N − a integer factorization of N , where N − is a square-free product of an odd number of primes. Let f : B × \ B × → L k−2 (O) be a λ-normalized -adic modular form corresponding to f via Jacquet-Langlands correspondence. Let q be a prime number dividing N − and p a prime number which does not divide N . Let B be the indefinite quaternion algebra over Q with discriminant pN − . Choose a positive integer d such that (d, N p) = 1 and
for the Hecke algebra acting on the space of -adic modular forms
We denote by t v and u v (resp. T v and U v ) the Hecke operators in T (resp. T [p] ). The modular form f yields a surjective homomorphism
We write I f for the kernel of λ f , and m for the unique maximal ideal of T containing I f . Proposition 5.9. Assume that the residual Galois representation ρ f satisfies (CR
Proof. This proposition follows from the same argument with [8, Proposition 6.8] basically. Since in [8] the proposition proved under the ordinary condition at , we need to modify the deformation condition. In our situation, it is enough to consider the low weight, crystalline case, which is already considered in [32, Section 2 and 3]. For the deformation ring, we make a local condition at explained in Taylor [32, p.746] (the third condition for the deformation ring R Σ , which is related to the Fontaine-Laffaille theory) instead of the ordinary condition at . Then the rest of assertions follows from the discussions in [8, Section 6].
Proof. By Proposition 5.9, S B k (N + , O) m is a cyclic T m -module. Hence S B k (N + , O)/I f is generated by a modular form g. Since ψ g is surjective and Hecke operators in T are self-adjoint with respect to the pairing , B , we have that ψ f (g) = f, g B ∈ O × n and the annihilator of g in T is I f . Therefore we have an isomorphism
. Let p be an n-admissible prime. Assume that the residual Galois representation ρ f satisfies (CR + ). Then
(1) There exists a surjective homomorphism
f and Φ p (N + , N − p) is the component group associated to the Shimura curve X N + ,N − p and the lisse sheaf F . Then there is a group isomorphism
Proof. Let B be the indefinite quaternion algebra over Q of discriminant N − /q and R N + q an Eichler order of level N + q. Denote the Shimura curve associated to U d by X U d . Also we write the character group for the Shimura curve X U d and the lisse -adic sheaf F at q by X q (U d ). Let Σ q (U d ) be the set of singular points on the special fiber of
where Σ q is the set of singular points on the special fiber of a model of X N + q,N − /q . By [29, Proposition 5], we have
Therefore by Proposition 5.9 one obtains the isomorphism
n . We denote by T v and U v the Hecke operators in T [p] . There is an action of
Since p is n-admissible, the action of t p modulo I f is given by ε · (p
2 ). Then the determinant of
is invertible on X q (N + q, N − /q) 2 /I f . These facts implies the isomorphism
Thus, the action of
is given via a surjective homomorphism
Denote the kernel of λ f by I f . Then Proposition 6.5 and the residual irreducibility of m implies the existence of an isomorphism
This shows that λ f factors through T which gives λ
given by x → (x, 0) induces an isomorphism
2 ).
Therefore we have
Proposition 5.12. Under the assumption (CR + ), the Galois representations
f and T f,n are isomorphic.
Proof. Let m [p]
f be the maximal ideal containing I
f is isomorphic to T f,1 . By (4.1) and the fact [29, p.52 (3.5) ]), one obtains an exact sequence
f → 0, where µ λ = Z p (1) ⊗ O/λO. Taking the Galois cohomology over Q p 2 , we have the exact sequence
Since p is an admissible prime, λ does not divide p 2 − 1, hence we have the identification
By the main theorem of [6] and Eichler-Shimura relation,
f is semisimple over
To see this, assume that dim F X p /m
f ≥ r + 1 by the exact sequence (5.3), which implies dim F Φ p /m
f ≥ 2 by the definition of the component group. This gives a contradiction. By the Picard-Lefschetz formula, the monodromy operator N is described as
f and σ ∈ I. One notices that the monodromy operator N acts on each piece T f,1 , thus N defines the map N :
is the zero map. Equivalently, the monodromy pairing is the zero map. In particular, X p /m
Proof. If N is non-trivial, we have the inequality
The definition of the monodromy pairing implies
where λ p is the monodromy pairing and its cokernel is the component group Φ p /m
we have the inequality dim F X p /m
f ≥ r + 1 by (5.4). Hence one obtains
f ≥ 2r + 1. This gives a contradiction.
Since λ (p 2 − 1), we have the identifications
f ). Therefore we have the exact sequence
where Φ p /m
f is a quotient of Φ p /m
f ) and it can be decomposed as the direct sum of two r-dimensional subspaces. Furthermore, one of the subspace is generated by unramified cohomology classes and the other by ramified cohomology classes. By Theorem 5.11, the group Φ p /m [p] f is isomorphic to O/λO. Hence by the exact sequence (5.5) we have r = 1 and Φ p /m
f is isomorphic to T f,1 . Next we show that
f is isomorphic to T f,n . There is a natural Gal(Q/Q)-equivariant projection
f . By the exact sequence
Fix a topological generator σ of the tame inertia I t Qp . First we work with the Shimura curve X 
where Λ = Z . Since the action of σ on i * F is trivial and F is extended to the model of X smoothly, we have an isomorphism i * F ⊗ RΨΛ ∼ = RΨF . Therefore one has a distinguished triangle
Let γ be the composition of morphisms
Then we have the following commutative diagram:
Taking cohomology
d,s , −), one has the following commutative diagram:
d,η , F ), where γ is the composition of morphisms
Then one can see that δ :
d,η , F ) coincides with the inverse of the map obtained by Hochschild-Serre spectral sequence. Taking the projector d defined by
the first part of the theorem follows. Since T f,n is unramified at p and λ does not divide p, one has
f ). Therefore the second part follows from the discussions in the proof of Proposition 5.12.
6. Kuga-Sato varieties and CM-cycles 6.1. Kuga-Sato varieties over Shimura curves. To construct global cohomology classes in H 1 (K m , T f,n ), we will use the classes coming from algebraic cycles on Kuga-Sato varieties over Shimura curves. We keep the assumptions and notations as in Section 5. Now we suppose that d is a prime greater than 3 which splits in K and is prime to N p. Let π :
d be the universal abelian surface over the Shimura curve X [p] d . Then we define the Kuga-Sato variety
d with itself.
Since the action of O B on A
d induces an action of B × on R i π * Q , one may define
following Iovita-Spiess [15] . For an integer m ≥ 2, let
be the Laplace operator symbolically given by
where ( , ) is the non-degenerate pairing
. Then there exists a projector k defined as in Scholl [31] (also see Iovita-Spiess[15, Section 10]) such that
where d is the projector defined by
Note that
6.2. The -adic Abel-Jacobi map. Here, we recall some basic facts on -adic Abel-Jacobi map following Jannsen ([17] , [18] ). Let Y be a proper smooth scheme over a field F of characteristic zero. For an integer i ≥ 0, write CH i (Y /F ) for the Chow group of algebraic cycles defined over F of codimension i on Y modulo rational equivalence. Fix a rational prime . Then one may define the cycle class map cl :
and we denote by CH i (Y ) 0 its kernel. Note that this definition does not depend on the choice of the prime by Lefschetz principle and comparison theorem betweenétale cohomology and singular cohomology. The cycle class map cl factors through H 2i (Y, Z (i)), then the Hochschild-Serre spectral sequence
induces the -adic Abel-Jacobi map
By Jannsen [17] we have the following geometric description of the -adic Abel-Jacobi map. Let Z be a homologically trivial cycle on X defined over F of codimension i representing an element in CH i (Y /F ) 0 . The pull-back of the extension of G F -modules
→ Ker H for each a ∈ K × . By Shimura's reciprocity law, one has
and P m (a) σ = P m (ab) for σ = rec K (b) ∈ G m . Set P m = P m (1).
6.4. Definition of CM cycles. Here we construct CM cycles following Nekovář [23] and Iovita-Spiess [15] . Let X = X N + ,N − be the Shimura curve defined in Section Let W be the Atkin-Lehner group of order 2 t generated by all the Atkin-Lehner involutions W + q with q | N + and W − q with q | N − p. Write G m for the Galois group Gal(K m /K). One can identify the Galois group G m with Pic(O K,m ) via geometrically normalized reciprocity map. The group Pic(O K,m ) × W acts simply transitively on the set of CM points.
Recall that d ≥ 4 is an integer relatively prime to N p and
is the universal abelian surface and ψ : X the natural morphism. Let P m = P m (1) be the CM point of level m defined as above and let P m be any point on X Let Y Pm be an element of 4 CH 1 (A Pm ) Q representing y Pm . One may choose the elements Y Pm satisfying that g * (Y Pm ) = Y g * ( Pm) for all P m ∈ ψ −1 (P m ) and g ∈ G d , which preserves the intersection pairing. Therefore, we have an identification
